
Lecture notes on the Plancherel formula for the Heisenberg group

H is the heisenberg group with lie algebra h

H =

8<:
24 1 y z
0 1 x
0 0 1

35 : x; y; z 2 R
9=;

h =

8<:
24 0 b c
0 0 a
0 0 0

35 : a; b; c 2 R
9=; = R3

It is well known that the set of all irreducible representations of H is parame-
trized by Rnf0g and that the dual group of H,

bH =
�
�� : �� = ind

H
D��; � 2 


	
; where

D =

8<:exp
24 0 b c
0 0 0
0 0 0

35 =
24 1 b c
0 1 0
0 0 1

35 : a; b 2 R
9=;


 =

8<:l 2 h� : l
0@24 0 0 1

0 0 0
0 0 0

351A 6= 0

9=;
It is not hard to see that 
 = f(�; �; �) : � 6= 0g

Proposition 1 0@indHD��
0@24 1 y z

0 1 x
0 0 1

351AF
1A0@24 1 y1 z1

0 1 x1
0 0 1

351A
= e�i�(z1�z�yx1+xy)F

0@24 1 0 0
0 1 x1 � x
0 0 1

351A
Proof. The representation indHD�� = �� acts on the hilbert completion of

F� =
n
F : H ! C : F (x�) = e�i�(�)F (x) ; x 2 N=D; � 2 D

o

1



by left translations.

0@��
0@24 1 y z

0 1 x
0 0 1

351AF
1A0@24 1 y1 z1

0 1 x1
0 0 1

351A

= F

0B@
24 1 y z
0 1 x
0 0 1

35�1 24 1 y1 z1
0 1 x1
0 0 1

35
1CA

= F

0@24 1 y1 � y z1 � z � yx1 + xy
0 1 x1 � x
0 0 1

351A
= F

0@24 1 0 0
0 1 x1 � x
0 0 1

3524 1 y1 � y z1 � z � yx1 + xy
0 1 0
0 0 1

351A
= ��

0@24 1 y1 � y z1 � z � yx1 + xy
0 1 0
0 0 1

351AF
0@24 1 0 0

0 1 x1 � x
0 0 1

351A
= e�i�(z1�z�yx1+xy)F

0@24 1 0 0
0 1 x1 � x
0 0 1

351A

Proposition 2 Parametrizing the dual group of the heisenberg group by Rnf0g;
the lebesgue measure on bH is d�, and the plancherel measure is j�j d�

Proof.

(�� (F )�) (t) =

ZZZ
F

0@24 1 y z
0 1 x
0 0 1

351A0@��
0@24 1 y z

0 1 x
0 0 1

351A�
1A (t) d

0@24 1 y z
0 1 x
0 0 1

351A
=

ZZZ
F

0@24 1 y z
0 1 x
0 0 1

351A e�i�(z1�z�yx1+xy)�
0@24 1 0 0

0 1 t� x
0 0 1

351A d
0@24 1 y z

0 1 x
0 0 1

351A
=

Z Z Z
F (z; y; x) e�i�(z1�z�yx1+xy)� (t� x) dxdydz

=

Z �Z Z
F (z; y; t� x) e�i�(z1�z�yx1+xy)� (x) dydz

�
dx

The operator �� (F ) has for kernelK (t; x) =
Z Z

F (z; y; t� x) e�i�(z1�z�yx1+xy)dydz:
Computing the hilbert schmidt norm of the operator �� (F ) ;

k�� (F )k2HS =
Z Z

jK (t; x) j2dtdx
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Denoting the partial fourier transforms Fx;Fy; and Fz resp in x; y and z direc-
tions, we observe thatZ Z

F (z; y; t� x) e�i�(z1�z�yx1+xy)dydz

=

Z Z
F (z; y; t� x) e�i�z1ei�zei�y(x�x1)dydz

= e�i�z1
Z Z

F (z; y; t� x) ei�zei�yxe�i�yx1dydz

= Fx � Fy � Fz � F (�; �x; u)

Put G (�; x; u) = F (�; �x; u) ; and applying the parseval equality,

k�� (F )k2HS = kKk2L2(R2)
= kFx � Fy � Fz �Gk2L2(R2)
= kFy � Fz �Gk2L2(R2)
= kFz �Gk2L2(R2)
= kGk2L2(R2)
= j�j�1 kFk2L2(R2) :

j�j k�� (F )k2HS = kFk2L2(R2)

Next, Z
k�� (F )k2HS j�j d� =

Z
kFk2L2(R2) d�

= kFk2H :
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