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Some comments

This ebook was made at the end of a precalculus and trigonometry
semester-long course taught at Saint Louis University. I compiled all the
lecture notes written as a supplementary tool to the textbook by Raymond
Barnett, Michael Ziegler, Karl Byleen, and David Sobecki titled ” Precalculus-
Graph and Models,” Third Edition. McGraw-Hill, 2009. I should warn the
user of these notes that they do not cover the entire book but only the chap-
ters that were taught in class. There are a few typos and a few mild mistakes
in some sections of this ebook either discovered during lectures or after revi-
sion. Necessary corrections will be made on the next version and the second
half portion of the ebook which is presently handwritten, will be typed up
in Latex.

Vignon S. Oussa



Section 1.2
Functions

By definition, a function is a relation in which every element in the domain
corresponds to one and only one element in the range. Alternatively, a function
is a set of ordered pairs with the property that no two pairs have the same
element in the first component and different element in the second component.
The set of all elements in the first component is called the domain of the
function, and set of all element in the second component is called the range of
the function.
The vertical line test, is a test applied to the graph of a function which tell
us whether the graph represents a function or not.If there exits any vertical line
that meets the graph of the function at more than one point, the relation is not
a function. Otherwise, it is a function.

Examples

1. Determine if the following relation is a function

y=4+vxr+4

2. Find the domain of the functions: f(z) = 4+v/z + 4, g(z) = 55, h(z) =

r—3
T+2

3. Given the function f(z) = 1% g(z) = 222 +32—6, h(z) = \/rlj, compute
£(2),9(0),h(3)

4. Given the function f(z) = 2% + 2x — 1, compute f(2), f(2 + h), and
f(2+h})*f(2)
(2

Partial Solutions

1. Plotting the graph of the relation y = 4 + v/ + 4,we obtain



5
X

Clearly, the no vertical line meets the graph of this function at more than
one point. Thus, by the vertical line test, the relation is a function.

2. Finding the domain of f(z) =4+ vz +4,g(x) = 25 Let Dy denotes
the domain of f(x)
Dy = {zeR:z+4>0}
z+4 > 0=z>-4
= 1z €[—4,00)

Let D, denotes the domain of the function g(x)

D, = {veR:v>-16+#0}
P =16 = 0= (v—4)(v+4)=0
= v—4=0o0rv+4=0

= w=4orv=—-4

Thus,

D, = {veR:v*—-16+#0}
= {veR:v?—16#0}
= {veR:v#4andv#—4}.
= (—o00,—4) U (—4,4) U (4, 0)

3. Given the function f(z) = %5, g(z) = 22 4+ 3z — 6,h(x) = Za=pr We



1 1
f(2) = %:gis undefined
g(0) = 2-0°4+3-0-6=—6
1 1
h3) = ——— ==
(3) 31 3
: : _ f2+h) -1 (2)
4. Given the function f(z) = 2?+2z—1, we compute f(2+h), and Z=2=12
f2+h) = (2+h)?+22+h) -1
= 44+4h+h*+4+2h—1
h?+6h+1.
f+h)—f(2)  hP4+6h+T7-(22+2-2-1)
B h
_ h*+6h
B h
~ (h+6)h
B h
= (h+6).

Homework:

Page 4241, 13,17, 25,31, 35, 40, 43, 52, 57, 61, 63.



Section 1-3
Functions: Graphs and Properties
Lecture notes by Vignon S. Oussa

The x-intercepts of the graph of a function are the points (ordered pairs)
at which the graph of the function meets the x-axis of the plane. The first
coordinate of the x-intercepts are called the zeros of a the function.

The y-intercepts of the graph of a function are the points at which the graph
of the function meets the y-axis.

We say a function is increasing on some interval I if on only if the graph of the
function is rising on that interval. A function is decreasing on some interval
I if and only if the graph of the function is falling on the interval I. The graph
of a function f is constant on some interval I if the graph of the function is
horizontal line on the interval I.

The value f(c) is called a local maximum if there exits some interval I such
that f(x) < f(c) for any = € I. The value f(c) is called a local minimum if
there exits some interval I such that f(x) > f(c) for any = € I.

A piecewise defined function is a function defined by different functions on dif-
ferent intervals. For example, the absolute value function f(x) = |z| is piecewise

defined ;
x ifx >0
f(a:)_{—x ifz <0
5__
y
pps
3__
2__
l__
5 4 3 =2 1 0 1 2 3 4 5
X

Graph of absolute value of z

A function is said to be continuous if its graph has no gaps, jumps or holes. For
example, the function f(x) = o3 + 225 —  + 1 is continuous, while the function
f(z) = % is not continuous at zero. To see these facts, check the graphs of the



functions:

Yy 6000 T

4000 T

2000 T

-2000 T

-4000 T

-6000 T

fla)=a34+22° -~z +1

Example



1. Given the following graph, find the x, and y intercepts of the graph. Find
the domain, and the range of the function, and the interval on which the
function is increasing, and decreasing.

XL

2. Plot the graph of the following piecewise defined function:

224+1 ifx<0
f(ac)—{ —z2—-1 ifz>0

Homework:

Page 63 #6, 13, 19,22, 27,29, 34, , 3741, 41, 45,67, 70



Math 141-01
Section 1.4
Functions: Graphs and Transformations
Lecture notes by Vignon S. Oussa

Library functions:

o flz)=12
. f(@)=|al
o f(z)=2a?

Vertical shifting

Given a function f(x), the graph of g(z) = f(x) + a, is obtained by shifting
vertically the graph of f, a units. If a is positive, the shift is upward and if a is
negative, the shift is downward.

Horizontal shifts

Given a a positive number, and a function f(z), the graph of the function
g(z) = f(z — a) is obtained by shifting horizontally the graph of f a units to
the right, and the graph of the function g(z) = f(z + a) is obtained by shifting
horizontally the graph of f a units to the left.

Reflection

Given a function f(x), the graph of — f(z) is obtained by reflecting the graph
of f with respect to the x-axis. The graph of f(—z) is obtained by reflecting
the graph of f with respect to the y-axis.

Even and odd

A function f is even if and only if f(—z) = f(z). f is odd if and only if
f(=x) = —f(x). The graph of an even function is symmetrical with respect to
the y-axis, and the graph of an odd function is symmetrical with respect to the
X-axis.

Examples:

1. Given f(z) = 222 + z, plot the graph of the following functions f(x) —
2a.f(x) + 27 f(x - 2)7]0(37 + 2)a 7f($),f(*$),2f($),and f(233)

2. By using graph transformations, plot the following function using a library

function: f(z) = —vz —2+2

3. Determine if the functions defined by f(z) = 2®+ 22,25, 28 — 2* are either
even, odd or neither.

Partial solutions:



20 +

f(x)

Y o )

flz=2)




f(2z)

2. By shifting the graph of \/z two unit to the right, then we reflect with
respect to the y-axis and shift vertically 3 units —v/z — 2 +2,y/z



3. Determining if the functions defined by f(z) = % + x2,2° 2% — 2* are

either even, odd or neither.f(z) = 2> + 22 is neither because

fz) = (=2) + (~o)?
= 2’ +2” # f(2)
# —flx)=—2®—a?

f(x) = 2 is odd because,

fl=a) = (-a)°

f(x) = 28 — x* is even since,

f(=z) = (—2)°—(-a")

= f(=)

Homework: Page 7945,7,9,11,15,21,25,27,29,41,45,47, 52



Section 1-5
Operations on Functions; Compositions
Lecture notes

Definition 1

(f+9) (@) = [flz)£g(z)
(fg) (@) = [flz)g(x)
N - 1@
<g> @) = @)
(fog)(x) = [flg(x))
Examples
1. Given f(z) = -1 and g(z) = £=5, compute g
2. Given f(z) =22+ x,g(x) = 3 — x, compute (f og) (z), and (go f) (z)

w

- Find (f og) (x) and (g0 f) (2), i f(z) = VI~ 2%, g(x) = VI 7.
4. Express V2 + 5zl as a composition of 2 functions.

Solutions
1.
1
(5o - 2
_ 1 T
o (m—?) (m—5>
B T
 (z—2)(z—5)
B T
T2 —7z+10
2.

(fog)(z) = f[f(9(2))

f@B-1z)
B-2)’+(3B-x)
22 —6x+9+3—1z

= 22— Tx+12

(gof)(z) = g(f(x))
- 4 +a)
= 3—(902—1—90)
= —2°-2+3



(fog)(z) = f[f(g(z))

(gof)(x) = g(f(x))

= 1—+2—22
4. Put f(z) =2+ 52!, and g(z) = /2
(gof)(@) = g(2+52")
_ i

Homework:
Page 96, 7,8,9, 10,21, 23, 26, 27, 33, 36, 45,47, 53, 65



Section 1-6
Inverse functions
Lecture notes

Definition 1 Given a function f, the inverse function of f is defined as the
function f~! such that their compositions yield to the identity function. In
other words,

(fof)@) = =
(fof @ = =

Geometrically speaking,the graphs of inverse functions are symmetrical with re-
spect to the diagonal line y = x.

and
mnuverses

1.pdf i .
A graph and its inverse

Definition 2 A function is one-to-one or injective, if and only if f(x) = f(y)
implies that x = y. It’s a mathematical fact a function’ has a defined inverse on
some interval I if and only if it is one-to-one. Examples of one-to-one functions
are the square root function or the cube function. However, the square function
15 not one-to-one.

Example

1. Decide if these 2 functions are inverses: f(z) = 2z — 3, g(v) = &3

2
2. Find f=! for f(z) =vx—3
3. Find f~! for f(z) = 2=3z
4. Find f~' for f(z) =3 -5 -z

Solution




(fog)(@) = f<“3)

(gof)(x) = g(2z-3)

(22 -3)+3
o 2

_ 2x

T2

=

2. Finding f~! for f(x) = v — 3. Put y = v/ — 3 we solve for z,

y = Va-3

v = -3

r = y>+3
fHz) = 243

Check by plotting that the graphs are symmetrical with respect to the
diagonal line. 22 + 3



|

3. Find f! for f(z) = 2232, We put y = 3=3Z and we solve for .

T—4x" 7T—4x
53z
Y 7T—4zx
5-3z = (T—4x)y
5—3x = Ty—A4dzy
—3x = Ty—4xy—5
—3x+4zy = Ty—>5
z(-3+4y) = Ty—5
S Ty —5
-3+4y
Thus,
Tr—5
—1 .
We check

Similarly, f(f~!(z)) ==



4. Find f=* for f(z) =3 — /5 — 2. Put y = 3 — /5 — = and solve for x

y = 3—-Vh—x
y—3 = —Vb—z
-y+3 = Vhi-uz
(—y+3)° = 5-=z
(-y+3)°-5 = —=z
x = 5—(~y+3)°
—y? + 6y — 4

Thus, f~1(z) = —2? + 62 — 4

Homework Page 116426, 31, 33, 35, 37, 41,43, 47, 50, 55, 61, 65, 67



Section 2.1
Linear functions
Lecture notes

Definition 1 A linear function is a function of the type
f(z) = mx +b,m #0, where m,b € R.

m is called the slope of the line. When m = 0, we have a horizontal line. When
m > 0, the line is ascending, and when m < 0, the line is descending.

Definition 2 The equation of a line is written in standard form in the fol-
lowing ways:
Ax+ By =C.

Where, A, B,C are real numbers.

Definition 3 The slope-intercept form equation of the line with y-intercept
(0,b), and slope m is computed as follows

y=mx+b.

Definition 4 The point-slope form equation of the line passing through the
point (x1,y1) and slope m is computed as follows:

y—y1 =m(z — x1).

Definition 5 Given a line passing through 2 points (x1,y1), (z2,y2). The slope
of the line passing through the two points is computed as follows:

_ Y2 — Y1

m .
T2 — T

Definition 6 Two lines are parallel if and only if they have the same slope
and different y-intercepts

Definition 7 Two lines are perpendicular if and only if the product of their
slopes s —1.

Remark 8 The slope of a horizontal line is zero, while a vertical line has no
slope.

Examples

1. Find the x and y intercepts of the graph of the function f(z) = %x —5.

2. Find the slopes of the lines passing through (—3, —2) and (-1, 8) or (—4,2)
and (2, —3).



Find the equation of the line passing through the points (4,2) and (—2,4)
and write it in standard form, point-slope form, and in slope-intercept
form.

. Given the line L with equation 5z — 2y = 6, find the equation of the line

passing through the point (0,1) and perpendicular to L.

Find the equation of the line passing through the points (2, —4) and such
that the line is horizontal.

Partial solutions

1.

The z intercept is obtained by letting f(z) = 0 and solving for z

1
L 5
—rx =
3
x = 15.

Thus the x intercept is the point (15,0).The y intercept is obtained by
computing f(0),

Il
|
=
I
ot

f(0)




2. Find the slopes of the lines passing through (-3, —2) and (-1, 8) . We first
start by computing the slope

8+2

-1+3
= 5.

m =

By the point-slope formula is obtained by:

y—(=2) = 5(—(=3)

y+2 = 5(x+3)
y = bHlx+3) -2
= Sz —+13.

3. Given the line L with equation 5z — 2y = 6, find the equation of the line
passing through the point (0, 1) and perpendicular to L. We first compute
the slope of the line 5z — 2y = 6,

—2y = —5z+6
-5 6
R R
5 1

= §x—§

The slope of the line L is 5/2. The slope of any line perpendicular to it
must be —2/5. Thus, by the point slope formula, we obtain

2
y—-1 = —5(»’5—0)
2 +1
= ——x .
Y 5

Homework: Page 146/2,9,13,19, 23,29, 31, 37,40, 41, 47, 48, 50, 63, 65, 75.



Section 2.2
Linear Equations and Models
Lecture notes

Examples

1. Solve the following equation 3(z +2) —3(z — 1) = 2z + 2
2. Solve the following equation 2(z +1)+3(2—z) =8 — =«
Solve the following equation (z + 2)(x — 3) = (x — 4)(z + 5)

Solve the following equation f—fs =7+ %73

orok W

Find three consecutive even integers so that the first plus twice the second
is twice the third

Solutions

1. The solution set is {%}

3(z+2)-3(x—-1) = 2x+2
34+6—-3x+3 = 2x+2
9 = 2x+42
20 +2 =9
20 = 7
x = T7/2

2. The solution is the set of all real numbers, namely, R

2+ 1)+32—-2z) = 8-z
20 4+24+6—-3x = 88—z
—r+8 = 8-z
—rz4+2x = 8-—38

0z = 0.

3. Solution is: 7
(z+2)(z—3)=(x—4)(z+5)



2x _ 74 6
z—3 z—3
2z 6
r—3 x-3 =7
2x — 6
z—3 =T
2r—6 = T7(x—3)
20 —6 = Tx—21
20 —Tx = —21+6
—br = -—15
—15
T = I
r = 3.

However, the equation is not defined when x = 3. Thus, we say the
solution set is empty and we write ().

5. Let a, b, c be 3 consecutive even integers

b = a+2
¢c = b+2=a+2+2=qa+4.

Also, since the first plus twice the second is twice the third

a+2b = 2
a+2(a+2) = 2(a+4)
a+2a+4 = 2a+8
3a+4 = 2a+38
3a—2a = 8—4
a = 4
b = 6
c 8

Homework Page 168/9,13,15,19,21,29,36,41,47,58,73,77.



2.3 Quadratic Functions

Definition 1 A quadratic function (written in general form) is a function
of the type
f(z) =az® +bx+c

where a is a nonzero real value. A quadratic is also called a polynomial of degree
2. The graph of a quadratic is called a "parabola”.

Definition 2 Vertex form. A quadratic function could also be written as
fx)=a(x —h)*+k

such that the point (h, k) is the vertex of the parabola, and the azis of symmetry
isx=h

f{x) . A=y .
- Axis . & Axis
§ x=nh f x=nh
1 Mertex (h, &)
e
\\'-\.

— Vertex (i, k)
ra
e

'\ Melax Kx)
X

Fl———— e —

E
T
|
I
I -
|/z
L
)

+ Min filx)
- X ; —*X
¥ iy
a=0 a=0
Opens upward Opens dowrnvard

Definition 3 Square completion. To complete the square of the quadratic ex-
pression
z? + bz

we need to add (3)2 to obtain a perfect square. In other other words,

b\* b b\>

2 2

Z = 922 e

x+bm+<2> T° 4+ 21‘—1—(2)
= T 5]

Definition 4 The z-coordinates of the vertex of the parabola f(x) = ax?®+bx+c

s given by
b

~5a

Example 5 Using graph transformations on g(z) = x%, sketch the function
f(x) =2(x—3)2+4



Example 6 Complete the square

Example 7 Find the vertex form of the parabolas f(x) = x? — 8z + 4,g(z) =
—322 +8z -5

fz) = 2> —-8x+16+4—16
= (x—4)°+4-16
= (z—4)?*-12
glz) = —322+8x—5

Il
|
w
S
8
[\v]
I
Wl
8
+
S
)
* | CO
w
~
[V
N~
I
ot
+
w
7N
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w
~_
[\v]

I
|
w
/N
&
o
|
|
K
+
‘»—l
(@)}
N———
|
ot
+
‘»—l
(=2}

4\? 1
- _3(3;_3) s

Example 8 The height of a projectile traveling through space is given a function
of time t by
h(t) = 200 — 162

When will the projectile hit the ground.

h(t) = 0 implies 200 — 16t* = 0
—-16t> = -200
16t = 200
9 200 25
t = _— =
16 2
25
t = /=
2
Since time may not be negative, then t = % = 3.5355 seconds.



Section 2.5 Quadratic equations and models
Theorem 1 (Zero factor theorem) Given the equation m -n = 0, then we must

either have m =0 orn = 0.
Theorem 2 (The quadratic formula) Given an equation of the type ax? + bx +

¢ = 0, we obtain the solutions as follows

. —b+Vb% — dac

2a

such that A = b — 4ac is called the discriminant.
The discriminant of an equation give us valuable information about the type

and number of solutions for the equation
(A)D =0 (B D=20 (C) D<0
In each of these three cases, what type of roots does the quadratic equation

fix) = 0 have?
Match each of the three cases with one of the following graphs.

\
\ \H | /
\ \| / ‘ /
j \ = X

(3)

(1) (2)

Theorem 3 Given az? + bx + ¢ = 0, we have
2 complex solutions if A <0
2 real solutions if A >0
A unique solution if A =0

Example 4 Solve (x —8) (20 +3) =0

zr—8 = QOor2x+3=0

= 8 = ——
xT or T 9

. . 3
We say the solution set is {8, —5}.



Example 5 Solve by factoring 11z = 222 + 12
Solution is: 4, %

Example 6 Solve by Completeting the square y*> — 10y — 3

> —10y—3 = y>—10y+25—-3—25
= (y*—10y+25) —3—25
= (y-5°-28
(y—57°—-28 = 0
(y—5)°> = 28
y—5 = +V28
y = +V28+5
= 2V7+5

Example 7 Solve by using the quadratic formula Tz?+ 6x +4 = 0, Solution is:
1iv19 -3, -1iv19- 2

a = T,b=6,c=4
S —6+ /36 —4 x 28
N 14
3 1
= —= 4+ =iv19
7+7Z\ﬁ

Example 8 Use the discriminant to determine the number and type of zeros
(solutions) 0.3z% + 3.6z + 10.8 = 0

0.3,b=23.6,c=10.8
A = (3.6)°—(4(10.8)0.3)
0

S]
|

Thus, we have a unique solution.



Additional Equation-Solving Techniques
Example 1

1. Solve the equations

VvVir+6+6 = 0
vbr+6 = —6

We have no solution !
2. Solve algebraically v4x2 4+ 8x + 7 — 2 = 1, Solution is: —1 4 ¢
Va2 +8x4+T7—x = 1
402 48 +7 = x+1
2
(\/4952 Y8z 1 7) = (41

422 +82+7 = 22422 +1
4o — 2+ 8z —22+7—-1 = 0
322 +6z+6 = 0
22422 +2 = 0
. —2+/4-38
vo= 2
. —2+2
B 2
= —1434

3. Solve the equation v/2z + 3 = V22 — 12

V2re+3 = a2-12
(Vzz+3)" = (\/$2—12)2
20 +3 = z2-12
2—22-12-3 = 0
z2—2x—15 = 0
2+ /4 +4(15)
s T
248
TS T
r = 5,-3

4. Solve the equation y% — 3yi +2 = 0. By substitution, we let x = y%, then



8
Nl
Il
oumnS
<
[
N—
n|=
I
<
N1

yr —3yi+2 = 0
x—3z2+2 = 0
r—3J/z+2 = 0
-3z = —x-2
3Wr = z+2
N T+2
3
T+ 2 2
<= ()
22 +4dx+4
= —5
1, 4 4
9¥ +§m+§—x = 0
> +4x+4-92 = 0
z2—5x+4 = 0

2 - 2
r = 4x=1

5+ /25— 16 - 5—+v25—-16

Thus, x = y% implies that y = 16, 1.

5. Solve by graphing the equation m — 7,/m + 12



0.2

01T

0.0 —t
8.2 84 8.6 8.8

01T

According to the graph, the solution is m = 9.



2.6
Solving Inequalities

Theorem 1

For p > 0

I. Jax + b| < p is equivalent to —p < ax + b < p.

I

. lax + bl = p 1s equivalent to ax + b =p orax + b = —p.
3. lax + b| > p is equivalent to ax + b < —p orax + b > p.

Theorem 2 The Location Theorem

If f(x) is a continuous function and f(a) and f(b) have opposite signs, then
there must be a zero of f'somewhere between x = ¢ and x = b.*

Example 3
1. Solve the following inequality |s — 5| < 3

-3 < s-5<3
—34+5 < s<3+5
2 < s<8

The solution set is (2, 8)
2. Solve the inequality [t — 3| > 4

t—3 > 4ort—3<—4
t > Tort<-—1

The solution set is the set (7,00) U (—o0, —1)

3. Solve the inequality 22 — 5z +3 > 0

First we solve the equation 22 — 5z 4+ 3 =

0
5—1+/25-12 5+ +v25—-12

xr = , T =
2 2
5 1 5 1
Tr = §7§V13,x7§+§\/13

Thus, 22 — b5z + 3 = (x— (g—
graph of the quadratic

\/ﬁ)) (:c — (% + %\/ﬁ)) Let us look

(SIS



Y50+

30T

20T

10T

Identify when the zeros are located, the solution to the inequality 2 —

50 +3>0is (—oo,g—%\/ﬁ)u(g—l—%\/ﬁ,oo).

4. Solve the inequality, 2% < 4x + 12

2

xre —

We first solve the equation

2 —dr—12 =

x =

Next, we plot 22 — 4z — 12

2?2 < dx+12

dr—12 < 0

0

4+\/16+48x_4—\/16+48
2 T 2

6, 2.




20T

The solution to the inequality #? — 4z — 12 < 0 is then (—2,6)

. The pages of a texbook have uniform margin of 2 centimeters on all four
sides. If the area of the entire page is 480 and the areal of the printed
portion is 320, find the dimension of the page. Let x,y be the dimensions
of the page

zy = 480,
(x—4)(y—4) = 320

Since y = 4%, then

(z—4)(y—4) = (x74)(4$@74) = 320

= 4967%7450:320

_1920 — 4z = 320 — 496
x

~ 1920

X

1920
—— +4x =176
T

4

4o = —176

4

1920 + 42?2 = 176z
422 — 1762 + 1920 = 0
z = 24,20

R S



Section 3.1 (Polynomial Functions and Models)
A polynomial is the finite sum of terms of the form az* such that a € R,
and k is a whole number. So in general, a polynomial

p(2) = apz"™ + ap_12" " 4+ Farr + ag
One can see that
a. the function f(z) = 2z — 5z + (2 +4) 2'2? is a polynomial
b. the function g(x) = 3/ + 112%° is not a polynomial

Definition 1 (Zeros or roots) If p(x) is a function, and p(r) = 0 then r is
called the root of the function p(x).

Theorem 2 Properties of graph of polynomials

Let P(x) be a polynomial of degree n > 0 with real coefficients. Then the
graph of P(x):

I. Is continuous for all real numbers

[ ]

. Has no sharp corners
3. Has at most n real zeros

4. Has at most n — 1 turning points

n

. Increases or decreases without bound as x approaches % and as x
approaches —



Theorem 3 Left and right end behaviors of graphs of polynomials

Let P(x) = ax" + a,_x""

with real coefficients, a; #= 0, n = 0. If P has:

1.

. Negative leading coefficient, odd degree: P(x)— —= as x—= and
P(x) — = as x — —o (like the graph of y = —x").
y y ! A
*II & If r ﬁ 3

+ -+ + ax + ay be a polynomial function

Positive leading coefficient, even degree: P(x) — = as x — 2 and P{x) — =
as x — —= (like the graph of ¥ = x%).

. Positive leading coefficient, odd degree: P(x) — = as x — @ and P(x) — —=

as x — — (like the graph of y = x%).

. Negative leading coefficient, even degree: P(x) — —= as x — o and

P(x) — —= as x — —= (like the graph of y = —x7).

Case 1

Case 2

Case 3

Case 4

Example 4 Find all the zeros of the polynomials P(x) = x (a:2 — 9) (m2 + 4),
Solution is: —3,3,—2i,2i,0

Example 5 Find all the zeros of the polynomials P(x) =

Solution is: %’L\/g—l— g, g — %’L\/g, 3,2

(= 5z +6) (22 — 5z +7),

Example 6 Sketch the graph of a polynomial which has for zeros v = —4,m;

even degree, positive leading coefficient.

-



X L

Example 7 A rectangular storage container measuring 2 feet 2 feet by 3 feet is
coated with protective coating of plastic of uniform thickness. Find the volume
of plastic as a function of the thickness x of the coating

If we consider the side of dimension 2 x 2, its volume is 4z. If we consider
the side which is 2 x 3, we obtain 6z. Since we have 2 versions of the first one
and 4 versions of the second, the volume obtained is

V =2(4z) + 4 (6z) = 32z



Section 4.1 Exponential Function

Definition 1

The equation f(z) = b*,b > 0,b # 1 defines an exponential function. b is
called the base of the exponential.

Theorem 2 Properties of Graphs of exponential functions

Let f(x) = b* be an exponential function, » > 0, b # 1. Then the graph of
Sx):

1.
. Has no sharp corners

= W

n

[s continuous for all real numbers

. Passes through the point (0, 1)

. Lies above the x axis, which is a horizontal asymptote cither as x — o or

x — —oo, but not both

. Increases as x increases if » > 1; decreases as x increases if 0 << h < 1
6.

Intersects any horizontal line at most once (that is, /' is one-to-one)

Theorem 3 FExponential properties

1.
2.
3.

a®a¥ = a*tv

(ax)y = a%V

(ab)” = a®b*®
(37 - &
a*=advsrx=y
a*=b"Sa=0b

Definition 4 By definition, the irrational number e called exponential is

1 xT
lim <1 + > =e
r—00 x



y
4 -
3 -
2 -
F——t : : : : : : : |
-10 -8 6 -4 2 0 2 4 6 8 )%0

graph of (1 + %)I
Definition 5
The function f(z) = e” is called the exponential function with base e
Example 6
1. Simplify the followings gi%i’ﬁ, 103*—1104—=

2. Graph the function g(x) = 2e~(**+2) by using the appropriate transforma-
tions

3. Solve the equation 72° = 72¢+3
4. Solve the equation z2e® — bze® = 0

5. Find all numbers a such that a2 = a2

Solution 7

1. Will be shown in class



-20 -15 -1.0 -05 0.0 0.5 1.0 15 2.0

3. The exponents must be the same, thus,

22 = 2243
2—22-3 = 0
Solution is: 3, —1
4.
z2e® —bxe® = 0
e’ (m2 — 5:5) =0
e = Ooraz?—5z

However, the exponential function has no zero since it never touch the x-
axis. The only solutions obtained are from the second equation 22 —5z = 0

z? —br =
x(x—5)
z = 0,5



Section 4.2 Exponential Models

Unlimited growth A =A™ A Short-term population
k=10 / growth (people, bacteria,
/ etc.); growth of money
at continuous compound
interest
C
L ——
Exponential decay A = Ape™ A Radicactive decay: light
k>0 absorption in water,
< glass, and the like:
atmospheric pressure;
electric circuits
B/ E——
Limited growth A=c(l —e™) A Learning skills; sales
c. k=0 4 fads; company growth:
chm——————— —= electric circuits
o "t
. M A Long-term population
Logistic growth S I b growth; epidemics;
e koM >0 M- ———————— sales of new products;

Population growth

Mexico has a population of around 100 million people, and it is estimated
that the population will double in 21 years. If the population continues to grow

=

spread of rumors;
company growth

at the same rate. What will the population be in 15 years?

Ao ekt
100

100e21*
2= 21k =1In2

In 15 years,

k

Q

In2

21

=3.3007 x 1072

100e'°%
100e13(5%)
164.07




Here is the graph of the growth of the population A(t) = 100e('52)t

Y 2600
2400
2200
2000
1800
1600
1400
1200
1000

800
600
400
200

Radioactive decay

The radioactive isotope gallium 67 used in the diagnosis of malignant tumors
has a biological half-life of 46.5 hours. If we start with 100 milligrams of the
isotope, how many milligrams will be left after 1 week

Alt) = Age ™
A(t) = 100e
50 = 100e 46-5%
Alt) = AgeFte=46:5k —_ o 5
—46.5k = In(0.5)
In (0.5)
k- — _
46.5

In a week, we have (24) 7 = 168 hours, thus,

A(168) = 100¢ w5168
8.1735

In(0.5) )t

Here is the graph of A(t) = 100e( 555
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Newton’s Law of cooling

This law states that the rate at which an object cools is proportional to the
difference in temperature between the object and its surrounding medium. The
temperature T" of an object ¢ hours later is given by

T = T’m + (TO - Trn) e_kt

T,, is the temperature of the surrounding, Ty is the initial temperature of the
object. Suppose a bottle of wine at a room temperature of 72 degree is placed
in the refrigerator to cool off. If the temperature in the refrigerator is kept at
40 degree and k = 0.4, find the temperature of the wine after 3 hours

T (t) 40 + (72 — 40) 704

32¢7 04 1 40



— =
89101112131415)](.

Temperature T'

T(3) = 32910 440
49.638




4.3 Log functions

a By definition y = log;, « if and only if oY =z

b The inverse function of log, = is b”

(¢
Let f(x) = logs x be a logarithmic function, b = 0, b # 1. Then the graph
of f(x):
1. Is continuous on its domain (0, =)
2. Has no sharp corners
3. Passes through the point (1, 0)
4. Lies to the right of the y axis, which is a vertical asymptote
=. Is increasing as x increases if b > 1; is decreasing as x increases if 0 << b << |
f. Intersects any horizontal line exactly once, so 15 one-to-one
d
10gb 1 =0
logpb = 1
log, b* = =
blogrs = g x>0
logy, MN = log, M + log, N
M
log, N - log, M — log, N
log, M™ = mnlog, M

e log, () is called the natural log of x and denoted In z.

Examples

1. Write in Exponential form

log(,0.001 = -3

2. Simplify the following expressions

1
10g26—4 = -6

logys 1
log;, 10°

1
10g1/5 %



Rewrite the expression in terms of log x and logy

4. Rewrite the following as a single log

2Inz +5lny —Inz

5. Find f~1
f(x) = 2log,(x — 5)
Solutions
1.
log;,0.001 = -3
107 = 0.001
1
log, 61 - —6
276 = 1/64
2.
logys 1 =0
logy (10°) = 5log;p10=5x1=5
1 1\ 2
log; /5 %)= log; /5 £ = 2log, ;5 (1/5) =2
3.

log (;) =logz —logy

log (z4y3) = log (954) + log (yg)

= 4dlogz + 3logy
log (xQ) = log (z°) — log (v/y)
VY

= 2log(z) — (1/2)logy



2lnz+5lny —Inz

5. Put

2 =

r—5 =

Thus f~'(z) = V2% +5

<33

= In(2?) +In(y
2.5

)flnz

2logy(x — 5)
log, ((@ ~ 5)°)
(z—5)°

NGT]
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